Abstract. In p. 219 of R.K. Guy's Unsolved Problems in Number Theory, 3rd edn., Springer, New York, 2004, we are asked to prove that the Diophantine equation x n + y n = n!z n has no integer solutions with n ∈ N+ and n > 2. But, contrary to this expectation, we show that for n = 3, this equation has infinitely many primitive integer solutions, i.e. the solutions satisfying the condition gcd(x, y, z) = 1.
Introduction
In [4] , Ribet showed that the equation x n + y n = 2z n has no solutions for n > 2 apart from the trivial x = y = z. Elkies [1] has also examined 'twists' of the Fermat equation, x 3 + y 3 = nz 3 . In [2] , Erdős and Obláh showed that x p ± y p = n! has no solution with p > 2. In p. 219 of [3] , we are asked to prove that x n + y n = n!z n has no integer solutions with n ∈ N + and n > 2. But, contrary to this anticipation, we prove the following Theorem. Theorem 1. The Diophantine equation
has infinitely many primitive integer solutions when n = 3, i.e. the solutions satisfying the condition gcd(x, y, z) = 1.
In fact, we show a technique to generate these solutions and give four numerical results. For other values of n ≥ 4, we do not know if (1) has solutions in integers.
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The following Lemma will be used to prove Theorem 1.
Lemma 1. For any given a, b, c ∈ Z \ {0} the Diophantine equation
has infinitely many primitive integer solutions (A i , B i , C i ) i≥0 , i.e. the solutions satisfying the condition gcd(aA i , bB i ,
Proof. The well known identity
which is true for any real values of m and n can be easily verified by direct expansion of its LHS and RHS terms. In (3), if we choose m and n to be coprime, i.e., gcd(m, n) = 1, then it is easy to show that
Hence, with coprime integers m and n, the three terms: m(m + 2n) 3 , n(2m + n) 3 and (m + n)(m − n) 3 of (3) are pairwise coprime. Since (A 0 , B 0 , C 0 ) is a primitive solution of (2), we get
Taking m = aA 3 0 , n = bB 3 0 in (3) and using (4), we have
Since the three terms of (4) are pairwise coprime, the three terms of resulting equation (5), after substitution in (3), will also be pairwise coprime.
Comparing (5) with (2), we see that an initial primitive integer solution (A 0 , B 0 , C 0 ) of (2) will lead to the next primitive integer solution:
As (A 1 , B 1 , C 1 ) is a primitive solution of (2), we get
Taking m = aA 3 1 , n = bB 3 1 in (3) and using (7), we have a A 1 (aA
On x n + y n = n!z n 13 So,
Since the three terms of (7) are pairwise coprime, the three terms of resulting equation (8), after substitution in (3), will also be pairwise coprime. Thus, any primitive integer solution (A i , B i , C i ) of (2) is related to its next primitive integer solution (A i+1 , B i+1 , C i+1 ) as
Thus, by iteration, (2) can have infinitely many primitive integer solutions, once a primitive integer solution of this equation is known.
Proof. (Theorem 1) By putting n = 3 in (1), we get
Taking a = b = 1, c = 3! and replacing (A, B, C) by (x, y, z), the equation (2) transforms into equation (11). Now, to show that (11) has infinitely many primitive integer solutions, the first step is to find three integers x 0 , y 0 , z 0 ∈ Z \ {0} such that
and gcd(x 0 , y 0 , 3!z 0 ) = 1.
For any real values of p and q the identity
can be easily proved to be true. Putting p = 9 and q = 10 in (13), we get
Comparing (14) with (12), we get x 0 , y 0 , z 0 = 37, 17, 21;
and gcd(x 0 , y 0 , 3!z 0 ) = gcd(37, 17, 3!21) = 1.
Now, (11) has an initial solution given by (15) and this solution is primitive because of the condition (16). To find the solutions of (11) explicitly, take a = b = 1, and replace 
Hence, in accordance with Lemma 1, (11) has infinitely many primitive integer solutions.
3 Some solutions of
Using (15), (17), (18) and (19), the first four primitive integer solutions of x 3 +y 3 = 3!z 3 are calculated starting with (x 0 , y 0 , z 0 ) = (37, 17, 21), and they are given in the Table 1 . Since all of x 3 , y 3 and z 3 are calculated to be 'negative', we took all of them to be 'positive', because both (x 3 , y 3 , z 3 ) and (−x 3 , −y 3 , −z 3 ) are the solutions of the given equation. In Table 1 , interchange x i ↔ y i for solutions starting with (y 0 , x 0 , z 0 ) = (37, 17, 21). 
